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abstract
We present a mechanism through which a certain class of short-distance cutoff
affects the CMB anisotropies at large angular scales. Our analysis is performed
in two steps. The first is given in an intuitive way, using the property of the
inflationary universe that quantum fluctuations of an inflaton field become clas-
sical after crossing the Hubble horizon. We give a condition for a cutoff to yield
a damping on large scales, and show that the holographic cutoff introduced in
the preceding paper (hep-th/0307029) does satisfy the condition. The second
analysis is carried out by setting an initial condition such that each mode of in-
flaton starts as the vacuum fluctuation of the Hamiltonian when being released
from the constraint of cutoff. The first intuitive discussion is then shown to be
correct qualitatively.
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1 Introduction
Great progress has recently been made in observational cosmology. In particular, the elabo-
rate measurement of the CMB anisotropy [1,2,3,4] has shown that it can be well explained
by the inflationary models [5,6,7,8], and has determined many of the relevant cosmological
parameters from the angular power spectrum Cl, which is defined through the two-point
correlators of the temperature fluctuations as〈δT
T
(Ω1)
δT
T
(Ω2)
〉
=
∑
l≥1
2l + 1
4pi
Cl Pl(cos θ12). (1.1)
Here the bracket
〈 〉
is the sample average taken from various pairs of directions Ω1 and
Ω2 on the celestial sphere with the fixed angle θ12.
Some discrepancies are known to exist between the observed data and the theoretical
prediction [3]. The main contributions to the excess χ2 originate from scales around the first
acoustic peak. Besides them the observed anisotropies have much smaller values at large
angular scales. In fact, as for the latter discrepancy, the observational data show that Cl is
almost proportional to 1/l(l + 1) for small l (10 . l < 50), consistent with the almost scale
invariant power spectrum predicted by the inflationary models. However, for much smaller
l (l < 10), the data show that Cl’s are much less than the predicted values [3,9]. The main
purpose of the present paper is to discuss this “large-scale damping” as a remnant of the
Planck-scale physics.
The conventional explanation of this large-scale damping is based on the so-called cosmic
variance (see, e.g., [10, 11, 12]). In fact, for small l, one can take only a few independent
samples
(∼ 2l + 1), and thus the observed values can deviate largely from the theoretical
mean values. However, if this deviation is not simply a statistical deviation, then it has a
possibility to be a clue to some unknown dynamics at the early stage during inflation. In
fact, as will be reviewed in the next section, quantum fluctuations of an inflaton field become
classical after crossing the Hubble horizon, and the CMB anisotropies at large angular scales
are directly related to those classical fluctuations of the inflaton field on large scales. Since
the larger-scale modes cross the Hubble horizon and become classical at earlier times, the
CMB anisotropies at large angular scales are more sensitive to dynamics at the early stage
during inflation.
The idea to modify the power spectrum on large scales has a long history (see, e.g., Refs.
[13,14,15]). In particular, understanding of trans-Planckian physics has been recognized as
an important subject. The effects of trans-Planckian physics on the CMB anisotropies are
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discussed in various aspects in Refs. [16, 17, 18, 19, 20, 21, 22, 23, 24, 25].
The most promising candidate that can explain the dynamics of quantum gravity at the
Planck scale is string theory. One of the basic results in string theory is the existence of the
minimum length scale ls [26,27], and spacetime is expected to loose its smooth Riemannian
structure and to become discrete (or noncommutative) at the Planck scale. At the present
moment, however, we do not have an analytic tool in hand with which string dynamics
around the Planck scale can be dealt with in a definite manner. In the present paper, we
assume that such quantum effects of gravity can be reflected simply by introducing a cutoff
or a noncommutative scale Lcut
(
= O(ls)
)
into the dynamics of the inflaton field. We try to
understand the large-scale damping by introducing a holographic cutoff to an inflaton field
around the Planck scale.
The possibility that the large-scale damping could be explained by a noncommutative
nature of spacetime was first investigated in Ref. [28].1 The main aim of the present article
is to complement the discussions given there, and also to clarify what kind of cutoff should
be chosen in order to have the large-scale damping in the CMB anisotropy.
This paper is organized as follows. In section 2, we explain a mechanism of the large-
scale damping, using the property of the inflationary universe that quantum fluctuations of
an inflaton field become classical after crossing the Hubble horizon, and we show that our
previous result given in Ref. [28] can be naturally understood along this argument. However,
this process of “classicalization” should be incorporated automatically once a proper initial
condition is set when an inflaton field starts its quantum fluctuations. In section 3, we
discuss what initial condition should be set in the presence of the cutoff introduced in
Ref. [28] and analyze the power spectrum of the inflaton field at the exit time of inflation.
Section 4 is devoted to conclusion and outlook.
2 A mechanism of the large-scale damping
We start our discussion with recalling that the currently observed CMB power spectrum on
the superhorizon scale is proportional to the power spectrum of the inflaton field at the exit
time of inflation. We then introduce cutoff in various ways, and investigate which kind of
cutoff will give rise to the large-scale damping.
1See Refs. [18,19,20,21,22] for inflationary models using noncommutative geometry in different contexts.
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2.1 Classicalization process and the CMB power spectrum in in-
flationary models (review)
The flat FRW metric during inflation is given by
ds2 = gµνdx
µdxν = a2(η)
(− dη2 + dx2) = a2(η) (−dη2 + dr2 + r2dΩ2),
a(η) = − 1
Hη
(η < 0). (2.1)
Here a(η) is the scale factor and η is the conformal time. Note that η is negative during
inflation and the exit time of inflation is given by η → −0. The inflaton field Φ(η,x) is
decomposed into the classical part φ¯(η) and the fluctuation φ(η,x) around it. We only
consider the Gaussian fluctuation, which is realized by taking the part quadratic in φ after
substituting Φ = φ¯ + φ into the action S[Φ] =
∫
d4x
√−g (−(1/2) gµν ∂µΦ ∂νΦ − V (Φ)).
We also assume that the potential V (Φ) has a plateau which is flat enough to ensure that
the classical solution φ¯ can roll very slowly. Thus, in the zeroth order of the slow roll
approximation we can simply neglect the potential term and obtain
S = Scl + Sfluct, (2.2)
Sfluct = −1
2
∫
d4x
√−g gµν∂µφ ∂νφ. (2.3)
Sfluct represents a free scalar field in de Sitter spacetime.
In order to quantize a free scalar field on a curved spacetime, one begins with considering
a complete set of normalized, positive-energy solutions to the Klein-Gordon equation [29],
∇2ψA = 0. (2.4)
Here A labels the modes with respect to the comoving coordinates, and the functions ψA
are normalized as
(ψA, ψB) = δAB, (ψA, ψ
∗
B) = 0, (2.5)
(ψ∗A, ψB) = 0, (ψ
∗
A, ψ
∗
B) = −δAB, (2.6)
with respect to the symplectic product ( , ) that is defined for arbitrary complex functions
f and g as
(f, g) ≡ i
∫
Σ
dSµ(f ∗∂µg − ∂µf ∗ g) = (g, f)∗ = −(f ∗, g∗)∗, (2.7)
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where Σ is a given spacelike hypersurface, and dSµ is its three-dimensional volume element.
Note that (f, g) is independent of the choice of Σ when f and g satisfy the Klein-Gordon
equation. Then by introducing the corresponding annihilation and creation operators {aA}
and {a†A} with the commutation relations
[aA, a
†
B] = δAB, (2.8)
the quantum field φ is represented as
φ =
∑
A
(aA ψA + a
†
A ψ
∗
A). (2.9)
For later convenience, we denote by kA the magnitude of the comoving wave number of the
mode A.
The set of modes {A} can be chosen as one likes, depending on which symmetry is kept
manifest. We here give a few examples:
(1) A = k: Three-dimensional translational symmetry is kept manifest, and
ψk(η,x) =
H√
2k3
(1 + ikη) e−ikη+ik·x (k ≡ |k|), (2.10)
δAA′ = (2pi)
3 δ3(k − k′),
∑
A
=
∫
d3k
(2pi)3
, (2.11)
kA = k. (2.12)
(2) A = (k, l,m): Rotational symmetry is kept manifest, and
ψklm(η, r,Ω) = H
√
2
k
(1 + ikη) e−ikη jl(kr) Ylm(Ω) ≡ ψkl(η, r) Ylm(Ω), (2.13)
δAA′ = 2pi δ(k − k′) δll′ δmm′ ,
∑
A
=
∫ ∞
0
dk
2pi
∑
l
∑
m
, (2.14)
kA = k, (2.15)
where r = |x| and Ω = (θ, ϕ) is the angular direction of the comoving coordinate x.2
2In the above, both of the positive-energy solutions are chosen such that they behave as e−ikη in the
limit η → −∞. It is easy to see that the annihilation operators and the positive-energy solutions for these
two sets of modes are related as
aklm =
il k
2π
∫
d2Ωk Y
∗
lm(Ωk) ak, (2.16)
ψk(η,x) =
2π
k
∑
l,m
il Y ∗lm(Ωk)ψklm(η, r,Ω), (2.17)
where Ωk is the angular direction of the comoving wave number k.
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When rotational invariance is manifest, it is often convenient to decompose the field as
φ(η, r,Ω) =
∑
l,m
φlm(η, r) Ylm(Ω)
(
or φlm(η, r) =
∫
d2ΩY ∗lm(Ω)φ(η, r,Ω)
)
, (2.18)
and treat the coefficient
φlm(η, r) =
∫ ∞
0
dk
2pi
[
ψkl(η, r) aklm + (−1)m ψ∗kl(η, r) a†kl−m
]
(2.19)
as a field over a two-dimensional spacetime (η, r). The angular power spectrum of the
inflaton field, Cφl , is then defined by
Cφl (η, r) ≡
〈
0
∣∣φ†lm(η, r)φlm(η, r)∣∣0〉 =
∫ ∞
0
dk
2pi
∣∣ψkl(η, r)∣∣2. (2.20)
Cosmological perturbation theory [33, 12] predicts that at large angular scales (i.e., for
small l’s) the angular power spectrum Cl of the CMB anisotropy observed at present is
proportional to that of the inflaton at the exit time of inflation,
Cl ∝ lim
η→−0
Cφl (η, r∗). (2.21)
Here r = r∗ is the comoving radius of the last scattering surface (LSS), which is a two-sphere
LSS
η
η0
η∗
0 Inflation
a(η∗)r∗
Figure 1: An observer at the present time η = η0 sees photons from the LSS as the CMB. By setting
the comoving radius of the LSS to be r = r∗, the LSS is traced back to a two-sphere with small physical
(proper) radius rphys = a(η) r during inflation. The moment η = 0 is the exit time of inflation.
on the time slice (at η = η∗) when the recombination takes place (see Fig. 1). The relation
(2.21) can be understood as follows.
First, in the zeroth order of the slow roll approximation the Hubble length 1/H can be
thought to be constant and the spacetime becomes de Sitter. In this approximation, once
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the inflation starts, two points separated with a distance longer than the Hubble length
cannot exchange information until the end of the inflation.3 Thus, a mode A can fluctuate
quantum mechanically only when its physical wave length λA is shorter than the Hubble
length. However, in the expanding universe, the physical wave length of the mode A is a
monotonically increasing function of time as λA(η) = a(η)/kA, while the Hubble length is
constant in time during inflation. Thus, as the physical wave length increases, the mode
A gradually looses its quantum nature and eventually becomes purely classical at the exit
time of inflation η → −0 (for a detailed analysis, see, e.g., Ref. [31]). This process is
sometimes called the classicalization. The characteristic moment ηCA at which the crossover
from quantum to classical physics occurs for the mode A, can be evaluated by setting
λA = 1/H (crossing the Hubble horizon) and is found to be η
C
A = −1/kA (see Fig. 2). We
thus can schematically say that
η < ηCA −→ the mode A can fluctuate quantum mechanically,
η > ηCA −→ the mode A cannot fluctuate quantum mechanically.
Note that a mode of smaller kA crosses the horizon at an earlier time.

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Figure 2: The curve of ηCA at which the mode A crosses the horizon and becomes classical.
After the ending of inflation, one can apply the linear perturbation theory, regarding
φlm(η, r) in Eq. (2.20) simply as a classical perturbation. One can show that the CMB
anisotropies on large scales are proportional to the perturbation of gravitational potential
on the LSS (Sachs-Wolfe effect [32, 12]). The latter in turn can be linearly related to the
classical fluctuations of the inflaton at the exit time of inflation by using the conservation
law in the cosmological perturbation theory which holds on the superhorizon scale with
3The Hubble length actually comes to depend on time and the spacetime deviates from de Sitter, if
corrections beyond the zeroth order slow roll approximation are taken into account. In this case, one should
be careful in analyzing the correlation between two points in terms of the Hubble length. See Ref. [30].
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adiabatic perturbation [33, 12]. Putting it all together, the angular mode clm of the CMB
anisotropy
δT
T
(Ω) =
∑
l≥1
l∑
m=−l
clm Ylm(Ω) (2.22)
is proportional to φlm(η=−0, r=r∗), and thus, the angular power spectrum Cl of the CMB
anisotropy observed at the present time is proportional to that of the inflaton field at the
exit time of inflation:
Cl =
〈|clm|2〉 ∝ lim
η→−0
〈|φlm(η, r∗)|2〉 = lim
η→−0
Cφl (η, r∗). (2.23)
In the zeroth order of the slow roll approximation, we have limη→−0 ψkl(η, r∗) = H
√
2/k jl(kr∗),
so that
Cl ∝ Cφl (0, r∗) =
H2
pi
∫ ∞
0
dk
k
(
jl(kr∗)
)2 ∝ 1
l(l + 1)
. (2.24)
This prediction from inflationary models agrees quite well with the observational data at
large angular scales.
2.2 Time-dependent cutoff and a criterion for the large-scale damp-
ing
In this subsection, we discuss how the previous analysis should be modified when various
types of cutoff are introduced. One may think that nothing would change on large scales
since the short-distance cutoff usually does not play important roles on large scales in local
quantum field theories. However, in the expanding universe, the cutoff can be a time-
dependent function for the comoving modes. This fact, combined with the classicalization
process, proves to give rise to large suppression on the large-scale modes when a particular
form of cutoff is chosen.
Suppose that we introduce a short-distance cutoff Lcut on the physical distance scale such
that it is constant in time. Then there appears another moment which will be important
in the following discussion. In fact, as we see below, this leads to a cutoff Λcut(η) on
comoving modes, which is generically a monotonically increasing function of time in the
expanding universe (see Fig. 3), and whose dependence on the short-distance cutoff Lcut
strongly depends on the way of introducing Lcut into a system. A comoving mode A can
exist as a quantum fluctuation only when the inequality kA ≤ Λcut(η) is satisfied. We thus
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()
k
A

Q
A
Quantum
Cuto
Figure 3: The time-dependent comoving cutoff. In the shadowed region, quantum fluctuations are pro-
hibited. The mode A starts its quantum fluctuation at the moment η = ηQA .
can introduce the moment ηQA at which the mode A starts its quantum fluctuation upon
being released from the constraint of the cutoff. In a nutshell,
η < ηQA −→ the mode A is prohibited to exist as a quantum fluctuation,
η > ηQA −→ the mode A is allowed to fluctuate quantum mechanically.
In order to calculate the power spectrum we need to fix the initial condition at η = ηQA
for each mode A. Although we have no established one, we know which form the initial
conditions should take for the modes in the two extreme cases, ηQA ≪ ηCA and ηCA ≪ ηQA . In
the former case, the physical length scales of such modes A upon being created are much
smaller than the Hubble length. Therefore, as is usual, the Bunch-Davies vacuum [29] is
favored and the contribution of these modes to the CMB anisotropy should be the same
as Eq. (2.24). On the other hand, as for the latter case ηCA ≪ ηQA , we first recall that the
anisotropies of the CMB observed at the present time correspond to the classical values
(or the ‘fossils’) of the quantum fluctuations of the inflaton field (see the discussion in the
previous subsection). We also note that a mode A with ηCA ≪ ηQA must be already classical
well before its quantum fluctuation starts. Since no fossil can exist if the mode does not
have a life of quantum fluctuation, such a mode with ηCA ≪ ηQA has no classical amplitude
and thus does not contribute to the CMB anisotropy.
In between these two limits, we do not a priori know how modes contribute to the CMB
anisotropies without setting definite initial conditions on quantum fluctuations. We consider
this problem in detail in section 3. Here, we instead set the following ansatz, expecting from
the above argument that those modes with ηQA < η
C
A contribute to the CMB anisotropies
more than those with ηCA < η
Q
A do:
9
Ansatz

• ηCA < ηQA −→ the mode A does not contribute to the CMB anisotropy,
• ηQA < ηCA −→ the mode A contributes to the CMB anisotropy as in
the absence of cutoff.
(2.25)
Whether the cutoff gives rise to a damping of the CMB anisotropy at large distance
scales or at short distance scales, will depend on the way of introducing cutoff. If ηQA and

k
A
 = 
Q
A
 = 
C
A
k

Quantum
Cuto
Classial
Figure 4: Case in which a damping occurs on scales larger than 1/kc.
ηCA behave as in Fig. 4, then larger-scale modes do not contribute and the CMB anisotropy
has a damping on large scales. On the other hand, if their behaviors are as in Fig. 5, then

k
A
 = 
C
A
 = 
Q
A
k

Quantum
Cuto
Classial
Figure 5: Case in which a damping occurs on scales smaller than 1/kc.
one would observe a damping on small scales. In the case of Fig. 6, there are no quantum
modes and will be no classical fluctuations, while in the case of Fig. 7, all the quantum
modes are allowed to exist, and one would not see a major deviation from the case in the
absence of cutoff.
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Figure 6: Case in which no quantum fluctuations occur during the whole period. No CMB anisotropies
will be made.
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Figure 7: Case in which all the quantum fluctuations are allowed to exist during inflation. This will give
almost the same result with that in the absence of cutoff.
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2.3 A few examples
We give a few examples on the way of introducing cutoff. In the following, we expand the
inflaton field φ(η, r,Ω) with respect to angular coordinates as
φ(η, r,Ω) =
∑
l≥0
l∑
m=−l
∫ ∞
0
dk
2pi
φklm(η) jl(kr) Ylm(Ω), (2.26)
and label the mode as A = (k, l,m). In Eq. (2.26), k denotes the comoving wave number in
the radial direction and (l, m) represents the multipole in the angular directions.
2.3.1 Homogeneous cutoff on the physical wave length
We first consider the case in which a time-independent short-distance cutoff Lcut is put on
the physical wave length. That is, we require that the mode A can exist only when the
following inequality holds:
a(η)
k
≥ Lcut. (2.27)
This can be imagined as that the three-dimensional space is a lattice with the spacing Lcut.
By setting
a(ηQA)
k
= − 1
kHηQA
≡ Lcut, (2.28)
the moment ηQA at which the mode starts its quantum fluctuation is found to be
ηQA = −
1
kLcutH
. (2.29)
On the other hand, the moment ηCA at which the mode crosses the horizon and becomes
classical, is determined by setting
λA =
a(ηCA)
k
= − 1
kHηCA
≡ 1
H
, (2.30)
or
ηCA = −
1
k
. (2.31)
ηCA and η
Q
A are depicted in Fig. 8, where the vertical axis represents kA = k. This figure
corresponds to Fig. 6 or Fig. 7, depending on the value of LcutH (> 1 or < 1), and thus
we conclude that this way of introducing cutoff does not yield a particular damping in the
CMB anisotropy.
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Figure 8: Homogeneous cutoff on the physical wave length. The figure has the same pattern with that of
Fig. 6 or Fig. 7 depending on the value of LcutH .
(a) (b)
L2cut
Figure 9: Fuzzy sphere used as a cutoff. (a) The fuzzy sphere consists of (N + 1) points, each of which
is represented as a two-dimensional region of area L2cut. (b) By using the noncommutative algebra for the
spatial coordinates xˆ = (xˆ1, xˆ2, xˆ3) with the commutation relations
[
xˆi, xˆj
]
=
(
2ri/
√
N(N + 2)
)
ǫijk xˆk,
the fuzzy sphere of radius r is represented as the set of (N + 1) looped strips of equal area L2cut when a
particular direction (say, xˆ3) is diagonalized [34].
2.3.2 Fuzzy sphere
We next consider the cutoff [28] with which the two-sphere for each (η, r) is replaced by a
fuzzy sphere, such that only one-bit degrees of freedom can reside on each area L2cut [34].
Then the fuzzy sphere consists of finitely many points (see Fig. 9), the number of which is
given by
4pia2(η) r2
L2cut
=
4pir2
L2cutH
2η2
≡ N(η, r) + 1. (2.32)
This in turn gives an upper bound on l as (see, e.g., [28])
l ≤ N(η, r) = 4pir
2
L2cutH
2η2
− 1. (2.33)
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If we consider the orbit of the LSS with the fixed comoving radius r = r∗, the moment η
Q
A
is given by solving the equation
l = N(ηQA , r∗) =
4pir2∗
L2cutH
2
(
ηQA
)2 − 1, (2.34)
and thus found to be
ηQA = −
r∗
LcutH
√
4pi
l + 1
. (2.35)
The moment ηCA is again given by
ηCA = −
1
k
. (2.36)

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Figure 10: Cutoff with fuzzy sphere. This has the same pattern with that of Fig. 4 and a damping will
occur at large distance scales.
These two moments ηQA and η
C
A can be compared if one notes that k can be identified
with pi(l+1)/2r∗
(
i.e., ηQA ∼ −pi
√
2r∗/(LcutH
√
k)
)
since the spherical Bessel function jl(kr∗)
has a sharp peak at the value kr∗ ∼ pi(l + 1)/2. The result is given in Fig. 10. This figure
has the same pattern with that of Fig. 4 and thus leads to a damping at large distance
scales.
This line of argument was given in Ref. [28]. There the analysis was made by setting the
ansatz (2.25) that once a quantum mode has a period of quantum fluctuation, the classical
value has the magnitude same with that of the case in the absence of cutoff. This ansatz is
equivalent to the prescription that the normalized positive-energy solution in the absence
of cutoff,
ψ
(0)
A=(k,l,m)(η, r,Ω) = H
√
2
k
(
1 + ikη
)
jl(kr∗) e
−ikη Ylm(Ω), (2.37)
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is replaced by
ψA(η, r,Ω) ≡ θ
(
ηCA − ηQA
)
ψ
(0)
A (η, r,Ω)
= θ
(
k − αl
r∗
)
ψ
(0)
A (η, r,Ω)
(
αl ≡ LcutH
√
l + 1
4pi
)
(2.38)
in the presence of the noncommutativity. This gives an IR cutoff on the integration over
the comoving wave number, and the angular power spectrum of inflaton is found to be
〈
0
∣∣φ†lm(η, r∗)φlm(η, r∗)∣∣0〉∣∣∣
η→−0
=
H2
pi
∫ ∞
αl/r∗
dk
k
(
jl(kr∗)
)2
. (2.39)
If we further introduce the spectral index n (∼ 1), then the angular power spectrum becomes
〈
0
∣∣φ†lm(η, r∗)φlm(η, r∗)∣∣0〉∣∣∣
η→−0
=
H2
pi
∫ ∞
αl/r∗
dk
k
kn−1
(
jl(kr∗)
)2
, (2.40)
which gives the angular power spectrum of the CMB anisotropy as
Cl = (1− βl)C(0)l , (2.41)
where the C
(0)
l is the value when noncommutativity is absent during inflation. The damping
factor (1− βl) is given by
βl =
4√
pi
Γ
(
(4− n)/2)Γ(l + (5− n)/2)
Γ
(
(3− n)/2)Γ(l + (n− 1)/2)
∫ αl
0
dx xn−2
(
jl(x)
)2
, (2.42)
and is depicted in Fig. 11 with n = 0.95.
2.4 Connection with the existing literature
So far we have discussed the effects of cutoff on the CMB anisotropies by comparing the two
moments ηCA and η
Q
A . In the existing literature, discussions are usually given by introducing
an energy scale Mc, where the modes are supposed to be created (see Refs. [16,17,18,19,20,
21, 22, 23, 24, 25]). Then the only other scale in the problem is the energy scale of inflation,
H , and thus the effect of the new scale is expressed by the dimensionless ratio H/Mc. In the
literature it is commonly assumed thatMc is almost constant in time. In this subsection we
argue that the large-scale damping can occur ifMc is a monotonically increasing function of
time. We further show that the cutoff based on the fuzzy sphere (subsection 2.3.2) actually
leads to Mc of this kind.
With the use ofMc, the moment η
Q
A at which the quantum mode A is created is character-
ized by the equation a(ηQA)/kA = 1/Mc(η
Q
A), where we have assumed the possible dependence
15
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Figure 11: Damping factor for the model using fuzzy sphere. The horizontal axis represents the multipole
l, while the vertical axis is Cl/C
(0)
l = 1− βl. Here the spectral index is set to be n = 0.95. LcutH is 0.1, 1,
5, 10 from top to bottom [28].
of Mc on time. Another moment η
C
A at which the mode A crosses the horizon is again given
by the equation a(ηCA)/kA = 1/H. Then the inequality η
Q
A ≷ η
C
A is translated in terms of
Mc(η) as
ηQA ≷ η
C
A ⇐⇒
H
Mc(η
Q
A)
≷ 1, (2.43)
because
ηQA ≷ η
C
A ⇐⇒
a(ηQA)
kA
≷
a(ηCA)
kA
⇐⇒ 1
Mc(η
Q
A)
≷
1
H
. (2.44)
Here we have used the fact that a(η) is a monotonically increasing function. Together with
the discussion given in subsection 2.2, we thus conclude that the contribution of a mode
A to the CMB anisotropy will be suppressed largely if the inequality H/Mc(η
Q
A) > 1 holds
strongly. Contrarily the contribution of a mode A will be almost the same as in the case
with the Bunch-Davies vacuum if the inequality H/Mc(η
Q
A) < 1 holds strongly.
How the CMB anisotropy deviates from a scale invariant one depends on the η depen-
dence of Mc. If, for example, Mc(η) is a monotonically increasing function, then there is a
critical time η∗ such that Mc(η∗) = H , and we have the inequality H/Mc(η) ≷ 1 for η ≶ η∗.
Since larger-scale modes are created at earlier times, the inequality H/Mc(η
Q
A) > 1 holds
more strongly for larger-scale modes, and thus their contributions to the primordial spec-
trum are more suppressed, leading to a large-scale damping. On the other hand, if Mc(η)
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is a monotonically decreasing function, there will be a damping on fluctuations on small
scales. If Mc is constant and H/Mc ≫ 1 there is no CMB anisotropy, and if H/Mc ≪ 1 we
get an ordinary, scale invariant spectrum.
From these analysis, we know that Mc corresponding to the cutoff of Fig. 4 is a mono-
tonically increasing function, and Mc corresponding to Fig. 5 is a monotonically decreasing
function. Mc corresponding to Figs. 6 and 7 are constant, and H/Mc > 1, H/Mc < 1,
respectively.
For example, if we take the homogeneous cutoff used in subsection 2.3.1, then
ηQA = −
1
kLcutH
, (2.45)
and thus we have
1
Mc
(
ηQA
) = a
(
ηQA
)
k
= Lcut. (2.46)
Therefore Mc does not depend on η and because we make analysis in de Sitter spacetime,
we get a scale invariant power spectrum. However, if we take the cutoff used in subsection
2.3.2, then
ηQA = −
r∗
LcutH
√
4pi
l + 1
, (2.47)
and thus we have
Mc
(
ηQA
)
=
(
a
(
ηQA
)
k
)−1
= −HηQAk ∼ −
2pi2r∗
L2cutHη
Q
A
, (2.48)
where we have used the relation that k ∼ pi(l+ 1)/2r∗. Therefore Mc(η) is a monotonically
increasing function of η, giving a large-scale damping.
3 Analysis without resorting to the classicalization process
In the preceding section, the large-scale damping is analyzed by comparing the two moments
ηQA and η
C
A for each quantum mode A and also by resorting to the classicalization process
of its quantum fluctuation. Although the discussion given there should yield a qualitatively
correct result, it is not satisfactory because the classicalization proceeds only gradually
around the moment when the mode crosses the horizon, and because the process should
be automatically incorporated once the field is quantized with a proper initial condition.
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Furthermore, in the analysis made in subsection 2.3.2, the classical fluctuation of a mode
is assumed to take the same magnitude with that in the absence of cutoff once the mode
has a period of quantum fluctuation. However, if the mode has only a short period of
quantum fluctuation, then only a small magnitude of classical fluctuation will be left after
the classicalization process (the fossil should be small if the lifetime of quantum fluctuation
is short). Thus in this section, we reanalyze the angular power spectrum of the CMB
anisotropy by imposing on each mode an initial condition which seems plausible.
The initial condition we choose is such that each mode A starts its quantum fluctuation
as a vacuum fluctuation at the ground state of the Hamiltonian.4 We also assume that a
cutoff is introduced in such a way that its physical distance scale Lcut is a time-independent
constant. We first consider the case in which a homogeneous cutoff is introduced (case of
subsection 2.3.1). Then we consider the case in which the two-sphere at (η, r) is replaced
by the fuzzy sphere S˜2 (case of subsection 2.3.2).
3.1 Homogeneous cutoff on the physical wave length
In this subsection, we label the mode as A = k and set the homogeneous cutoff (2.27). We
require that at the moment (2.29), ηQA = −1/kLcutH , the mode A = k be at the ground
state of the Hamiltonian.
The action we consider is
Sfluct =
1
2
∫
dη d3x
1
H2η2
[
(∂ηφ(η,x))
2 − (∂iφ(η,x))2
]
. (3.1)
The conjugate momentum to φ is pi = ∂ηφ/H
2η2. By introducing the annihilation and
creation operators as
φ =
∫
d3k
(2pi)3
1√
2µk
(ak + a
†
−k) e
ik·x, pi = −i
∫
d3k
(2pi)3
√
µk
2
(ak − a†−k) eik·x, (3.2)
[
ak, a
†
k′
]
= (2pi)3δ3(k − k′), (3.3)
the Hamiltonian can be written as
H =
∫
d3k
(2pi)3
[
ωka
†
k
ak +
λk
2
(a†
k
a†−k + aka−k)
]
, (3.4)
ωk =
µk
2
H2η2 +
1
2µk
k2
H2η2
, λk = −µk
2
H2η2 +
1
2µk
k2
H2η2
. (3.5)
4This type of initial condition is investigated in Ref. [18] in a different context.
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We choose µk such that the Hamiltonian is diagonalized at the moment η
Q
A ,
µk =
k
H2
(
ηQA
)2 . (3.6)
Then our requirement that the mode k be at the ground state when η = ηQA can be realized
by the following initial condition:
ak
(
ηQA
)∣∣0〉 = 0. (3.7)
In order to calculate the two-point correlation functions at the exit time of inflation,
we take the Heisenberg picture for the annihilation-creation operators and consider their
Bogoliubov transformations:(
ak(η)
a†−k(η)
)
=
(
Ak(η) Bk(η)
B∗−k(η) A
∗
−k(η)
)(
ak(η
Q
A)
a†−k(η
Q
A)
)
. (3.8)
The coefficients Ak and B
∗
−k are determined by the Heisenberg equations, and using the
combinations ξk ≡ Ak+B∗−k and ζk ≡ Ak−B∗−k, we can express the power spectrum Pφ(k)
of the inflaton field at the exit time of inflation (η = −0) as
〈
0
∣∣φ†
k
(0)φk′(0)
∣∣0〉 ≡ 2pi2
k3
Pφ(k) (2pi)
3δ3(k − k′) = 1
2µk
∣∣ξk(0)∣∣2(2pi)3δ3(k − k′), (3.9)
or
Pφ(k) =
k3
(2pi)2µk
∣∣ξk(0)∣∣2. (3.10)
By using the identity,
eikx = 4pi
∑
lm
iljl(kr)Y
∗
lm(Ωk)Ylm(Ω), (3.11)
Pφ(k) can be related to the angular power spectrum C
φ
l (0, r∗) as
Cφl (0, r∗) = 4pi
∫ ∞
0
dk
k
(
jl(kr∗)
)2
Pφ(k). (3.12)
Note that a scale invariant Pφ(k) leads to C
φ
l (0, r∗) ∝ 1/l(l+ 1). The Heisenberg equations
give the following equations :
ξ¨k(η)− 2
η
ξ˙k(η) + k
2ξk(η) = 0, ξk(η
Q
A) = 1, ξ˙k(η
Q
A) = −ik. (3.13)
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They can be solved with the spherical Hankel function as
ξk(η) =
i
2
(
η
ηQA
)2((
1− 2ikηQA
)
eikη
Q
A h
(1)
1 (−kη) + e−ikη
Q
A h
(2)
1 (−kη)
)
, (3.14)
and thus, the power spectrum is determined as
Pφ(k) =
(
H
2pi
)2
1
4
(
kηQA
)2 ∣∣∣ 1− 2ikηQA − exp(−2ikηQA) ∣∣∣2. (3.15)
Substituting the equation ηQA = −1/kLcutH , we get
Pφ(k)
∣∣∣
ηQ
A
=−1/kLcutH
=
(
H
2pi
)2 (LcutH)2
4
∣∣∣∣ 1 + 2iLcutH − exp
(
2i
LcutH
) ∣∣∣∣
2
(
= k−independent
)
. (3.16)
Thus we obtain a scale invariant power spectrum for the homogeneous cutoff in our approx-
imation that the background metric is a pure de Sitter universe. This result is consistent
with a qualitative argument given in subsection 2.3.1. If we take the limits LcutH → 0 and
LcutH →∞ in Eq. (3.16) we get
Pφ
∣∣
LcutH→0
=
(
H
2pi
)2
, (3.17)
Pφ
∣∣
LcutH→∞
= 0. (3.18)
This is an expected behavior for a proper initial condition, as was discussed in subsection
2.2.
3.2 Cutoff with fuzzy sphere S˜2
In this subsection, we consider the model considered in subsection 2.3.2, in which three-
dimensional space is described by R+ × S˜2 (radial coordinate r times a fuzzy sphere). The
noncommutativity is introduced only to the angular directions Ω, since this would be most
relevant to any modifications to angular power spectrum.5 One can also give a holographic
interpretation to this way of introducing cutoff, which is briefly commented in conclusion
and will be discussed more elaborately in a forthcoming paper [35].
5In fact, recently it has been shown in Refs. [19, 20] that there is no sharp damping at large angular
scales if one introduces noncommutativity only to the time and radial coordinates.
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3.2.1 Coordinates
As was explained in subsection 2.3.2, the mode with the multipole l starts its quantum
fluctuation at the moment (2.35) which depends also on the value of the radial coordinate
r. Thus, we introduce the new coordinates (τ, σ,Ω) such that the modes with the same l
start at the same time:
Hη = − eσf1(τ), Hr = eσf2(τ). (3.19)
We here assume that f1, f2 > 0 and that ∂τ (f2/f1) > 0 so that the orientations of η and τ
coincide.6 Note that
∂σ = η ∂η + r ∂r (3.20)
is the Killing vector of the de Sitter metric, so that the metric does not depend on σ. Setting
p to be the conjugate momentum to the coordinate σ, we label the mode as A = (p, l,m).
The cutoff is set on the multipole l as in Eq. (2.33) and we denote by τ = τQA the moment
when the mode A = (p, l,m) starts to fluctuate quantum mechanically (see Fig. 12):
f2
f1
∣∣∣∣
τ=τQ
A
= LcutH
√
l + 1
4pi
(= αl). (3.21)

r
0


Figure 12: New coordinates (τ, σ). The moment when the mode A = (p, l,m) newly appears is expressed
by a single time-slice.
6Recall that η < 0 during inflation.
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3.2.2 Calculation of the angular power spectrum
We now calculate the angular power spectrum. We will see that it is independent of the
explicit form of the functions f1 and f2.
Under the above parametrization, the metric is rewritten as
ds2 =
1
H2η2
(−dη2 + dr2 + r2dΩ2)
=
1
H2f 21
( (
f˙ 22 − f˙ 21
)
dτ 2 +
(
f 22 − f 21
)
dσ2 + 2
(
f2f˙2 − f1f˙1
)
dτdσ + f 22 dΩ
2
)
. (3.22)
Here the dot stands for the differentiation with respect to τ . The action can be expanded
in the angular modes (l, m). Due to the rotational invariance, it is enough to consider the
case m = 0:
Sfluct(l,0) =
∫
dτdσ
f 22
2H2f 21F
×
×
[
(f 22 − f 21 )(∂τφl0)2 + (f˙ 22 − f˙ 21 )(∂σφl0)2 − 2(f2f˙2 − f1f˙1)∂τφl0∂σφl0 −
F 2l(l + 1)
f 22
φ2l0
]
,
(3.23)
where F ≡ f1f˙2 − f2f˙1 = f 21 ∂τ (f2/f1) > 0. The conjugate momentum to φl0 is
pil0 =
f 22
H2f 21F
[
(f 22 − f 21 )∂τφl0 − (f2f˙2 − f1f˙1)∂σφl0
]
. (3.24)
By introducing the annihilation and creation operators as
φl0 =
∫ ∞
−∞
dp
2pi
1√
2µp
(ap + a
†
−p)e
ipσ, pil0 = −i
∫ ∞
−∞
dp
2pi
√
µp
2
(ap − a†−p)eipσ, (3.25)
[
ap, a
†
p′
]
= 2pi δ(p− p′), (3.26)
the Hamiltonian is given by
H =
∫ ∞
−∞
dp
2pi
(
ωpa
†
pap +
λp
2
(a†pa
†
−p + apa−p)
)
(3.27)
with
ωp ≡ µpH
2f 21F
2f 22 (f
2
2 − f 21 )
+
f 22F
2µpH2f 21
(
p2
f 22 − f 21
+
l(l + 1)
f 22
)
− pf2f˙2 − f1f˙1
f 22 − f 21
, (3.28)
λp ≡ − µpH
2f 21F
2f 22 (f
2
2 − f 21 )
+
f 22F
2µpH2f
2
1
(
p2
f 22 − f 21
+
l(l + 1)
f 22
)
. (3.29)
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As in the previous subsection, we set µp such that the Hamiltonian is diagonalized at τ = τ
Q
A ,
making the mode to start its vacuum fluctuation at the ground state:
µp =
f 22
H2f 21
√
p2 +
f 22 − f 21
f 22
l(l + 1)
∣∣∣∣∣
τ=τQ
A
, (3.30)
ap
(
τQA
) ∣∣0〉 = 0. (3.31)
We again consider the Bogoliubov transformations:(
ap(τ)
a†−p(τ)
)
=
(
Ap(τ) Bp(τ)
B∗−p(τ) A
∗
−p(τ)
)(
ap(τ
Q
A )
a†−p(τ
Q
A )
)
, (3.32)
and introduce ξp ≡ Ap +B∗−p and ζp ≡ Ap −B∗−p, which satisfy the differential equations
∂τξp = − i
2
(
ωp − ω−p
)
ξp − i
2
(
ωp + ω−p − 2λp
)
ζp, (3.33)
∂τζp = − i
2
(
ωp + ω−p + 2λp
)
ξp − i
2
(
ωp − ω−p
)
ζp, (3.34)
with the initial conditions
ξp
(
τQA
)
= ζp
(
τQA
)
= 1. (3.35)
The angular power spectrum is then expressed as
l(l + 1)Cφl = l(l + 1)
〈
0
∣∣φl0(τ, σ)φl0(τ, σ)∣∣0〉∣∣∣
η=−0
=
∫ ∞
0
dp
2pi
l(l + 1)
µp
∣∣ξp(τ)∣∣2∣∣∣
η=−0
. (3.36)
The time-evolution of
∣∣ξp(τ)∣∣2 can be evaluated numerically. This can be carried out
easily if one notes that the functions
Kp ≡ l(l + 1)
µpH2
∣∣ξp(τ)∣∣2, (3.37)
Lp ≡ i
2
l(l + 1)
(
ξ∗p(τ)ζp(τ)− ξp(τ)ζ∗p (τ)
)
, (3.38)
Mp ≡ l(l + 1)µpH2
∣∣ζp(τ)∣∣2, (3.39)
satisfy the following first-order equations:
∂tKp = − 2
t2(t2 − 1)Lp, (3.40)
∂tLp =
(
t2p2
t2 − 1 + l(l + 1)
)
Kp − 1
t2(t2 − 1)Mp, (3.41)
∂tMp = 2
(
t2p2
t2 − 1 + l(l + 1)
)
Lp, (3.42)
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with the initial conditions
Kp
(
tQA
)
=
l(l + 1)
µpH2
, Lp
(
tQA
)
= 0, Mp
(
tQA
)
= l(l + 1)µpH
2, (3.43)
µpH
2 = tQA
√(
tQA
)2
p2 +
((
tQA
)2 − 1)l(l + 1). (3.44)
Here we have introduced a new variable t as
t ≡ −r
η
=
f2
f1
, (3.45)
which takes the following value at the initial time:
tQA ≡ −
r
ηQA
=
f2
(
τQA
)
f1
(
τQA
) = LcutH
√
l + 1
4pi
. (3.46)
We also have used the relation
F
f 21
= ∂τ t. (3.47)
The exit time of inflation (η → −0) corresponds to the limit t→ +∞. We thus have
l(l + 1)Cφl = H
2
∫ ∞
0
dp
2pi
Kp(t)
∣∣∣
t=+∞
. (3.48)
Since all the expressions (3.40)–(3.44), (3.46) and (3.48) are written in terms of t, the angular
power spectrum Cφl is actually independent of the choices of f1 and f2.
We carried out a numerical calculation and have obtained the angular power spectrum
given in Fig. 13. Figure 14 is a magnified figure for small l, where the power spectra obtained
with the ansatz (2.25) are also drawn for comparison (the spectral index is set to be one
for both). The spectra in Fig. 13 are oscillating with l and approach one asymptotically.
This oscillation is a common feature of the power spectra when taking initial conditions
other than the Bunch-Davies vacuum.7 We also see that the resulting power spectra exhibit
less sharp damping than the ones obtained with the ansatz (2.25). Although the damping
we get here may not be sufficiently large to fit the observational data, the curve could be
better fit to the data by taking account of corrections in the slow roll approximation (i.e.,
including a nontrivial spectral index), or it is still possible that our initial condition needs
to be modified.8
7See Refs. [16, 22, 23]. Note that we had no such oscillation in subsection 3.1. It is because we there
analyzed the power spectrum with the use of the homogeneous cutoff in de Sitter spacetime.
8Of course, another way to understand the result is to consider the cosmic variance (i.e., to regard the
observational data as a deviation from the obtained result above).
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Figure 13: Damping factor for the space R+ × S˜2. The horizontal axis represents the multipole l, while
the vertical axis is Cl/C
(0)
l = 2πl(l+1)C
φ
l /H
2. C
(0)
l represents the angular power spectrum in the absence
of noncommutativity. Here LcutH = 5, 10, 15, 20 from top to bottom. All curves obey the approximate
scaling law explained in the main text, and converges to one for large l.
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Figure 14: Damping factor for the space R+ × S˜2. The horizontal axis represents the multipole l, while
the vertical axis is Cl/C
(0)
l . Dashed lines are the spectra obtained with the ansatz (2.25), while solid lines
are the spectra given in this section. In each set LcutH = 5, 10, 15, 20 from top to bottom. Here the spectral
index is set to be n = 1 for both.
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3.2.3 Scaling law in the angular power spectrum
As can be seen from Fig. 13, the curves of the angular power spectrum shift to right for
larger LcutH . In fact, one can prove that the angular power spectrum is a function of the
scaling variable l/(LcutH)
2 with good precision. In order to show this, we assume that
tQA ≫ 1 in Eqs. (3.40)–(3.44),9 and rescale p and t in Eq. (3.48) such that
p = k
√
l(l + 1), t = s tQA
(
t = tQA ⇔ s = 1
)
. (3.49)
Then by setting
Kk ≡
√
l(l + 1)Kp, Lk ≡
√
l(l + 1)Lp(
tQA
)3 , Mk ≡
√
l(l + 1)Mp(
tQA
)6 , (3.50)
all the equations depend only on the combination l/(LcutH)
2 = l(l + 1)/4pi
(
tQA
)2
and on k:
∂sKk = − 2
s4
Lk, (3.51)
∂sLk = (k2 + 1) l(l + 1)(
tQA
)2 Kk − 1s4Mk, (3.52)
∂sMk = 2(k2 + 1) l(l + 1)(
tQA
)2 Lk, (3.53)
with
Kk(1) = l(l + 1)(
tQA
)2√
(k2 + 1)
, Lk(1) = 0, Mk(1) =
√
k2 + 1
(l(l + 1))2(
tQA
)4 . (3.54)
Since the angular power spectrum is expressed as the integration of Kk over k:
l(l + 1)Cφl = H
2
∫ ∞
0
dp
2pi
Kp(t)
∣∣∣
t=+∞
= H2
∫ ∞
0
dk
2pi
Kk(s)
∣∣∣
s=+∞
, (3.55)
we conclude that the angular power spectrum is a function only of l/(LcutH)
2 when one can
assume that tQA ≫ 1.
4 Conclusion and outlook
In this article, we have investigated the effects of cutoff or noncommutativity on the CMB
anisotropy, focusing on the possibility that the large-scale damping observed in the CMB
angular power spectrum may be explained as such effect.
9As can be seen from Eq. (3.46), this assumption holds well when LcutH and/or l are large.
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We gave an analysis in two ways: the first was based on the classicalization process, and
the second was carried out by analyzing the time-evolution of the Heisenberg operators with
the initial condition such that modes start as vacuum fluctuations.
In the first analysis (section 2), we have clarified the mechanism that a short-distance
cutoff can affect the CMB anisotropies on large scales. We there introduced two typical
moments during inflation, one is the moment ηCA when a given mode A crosses the Hubble
horizon and becomes classical, and the other is the moment ηQA at which the mode A
starts to fluctuate quantum mechanically. We have shown that there exists a large-scale
damping if ηCA is prior to η
Q
A only for larger-scale modes. Furthermore, we have demonstrated
that the homogeneous three-dimensional cutoff does not yield such damping, while the
assumption that space is the product of the radial coordinate and the fuzzy sphere with
short-distance cutoff Lcut certainly exhibits the large-scale damping if one assumes that the
noncommutative scale is around the Hubble parameter during inflation.10
In the second analysis based on the Heisenberg equations (section 3), we again have
shown that the homogeneous three-dimensional cutoff only gives rise to the scale invariant
power spectrum, while the cutoff based on the fuzzy sphere certainly yields the power
spectrum which exhibits the large-scale damping.
We thus may conclude that our analysis presented in this article gives a qualitatively
correct explanation on the mechanism of the large-scale damping. However, the figure does
not exhibit enough damping compared to the observational data. This would be improved
if we introduce a nontrivial spectral index. Another possible way around is to modify our
initial condition. In fact, one would demand that when a mode newly appears its amplitude
should be as small as possible, but the vacuum fluctuation may not be the least amount
of fluctuation among those that are allowed. It would be nice if one could find a proper
initial condition which correctly describes the creation of modes after being released from
the constraint of cutoff. The initial conditions in chaotic inflation [7] or in the models of
“the universe from nothing” [37] would be interesting to investigate in this context.11
Another point which should be clarified in the future is the fact that the homogeneous
10In Ref. [36], a cyclic model of the universe is considered, giving the scenario that there is an era during
which the universe expands exponentially with the Hubble parameter equal to the string mass scale.
11In searching for desirable initial conditions, one will need to carefully check whether the choice of initial
condition avoids the backreaction problem (see for example Refs. [24,25]). In fact, some initial conditions can
cause particle creation, and the energy density of the particles could become comparable to the background
energy density which was first assumed to be the main source driving inflation.
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three-dimensional cutoff does not lead to a large-scale damping while the cutoff based on
fuzzy sphere actually does. This may not be satisfactory from the viewpoint of the standard
cosmology in the sense that the latter way of cutoff does not respect the cosmic principle
or the invariance under the three-dimensional Euclidean group
(
E(3) = ISO(3)
)
. However,
from the holographic viewpoint [38], this way of cutoff with the fuzzy sphere would be
consistent with the following scenario of inflation. First, since the noncommutative scale
in our model is close to the Hubble parameter during inflation, matter fields are strongly
coupled to gravitation, so that the holographic nature would dominate the dynamics of
the system. We further assume that the holographic principle holds for arbitrary three-
dimensional spacelike region (not only for lightsheets [39]) if one considers a combined system
of matter fields and gravity. Then the dynamical degrees of freedom in any three-dimensional
region should be controlled by the information on the boundary. If the inflaton (or any
other scalar-like collective mode in the system) represents such degrees of freedom, then the
holographic cutoff for any three-dimensional ball would be to set a noncommutativity on
the spherical boundary. This line of investigation is now in progress and will be reported
elsewhere.
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